This paper looks at permutation methods used to deal with hypothesis testing within the survival analysis framework. In the literature, several attempts have been made to deal with the comparison of survival curves and, depending on the survival and hazard functions of two groups, they can be more or less efficient in detecting differences. Furthermore, in some situations, censoring can be informative in that it depends on treatment effect. Our proposal is based on the nonparametric combination approach and has proven to be very effective under different configurations of survival and hazard functions. It allows the practitioner to test jointly on primary and censoring events and, by using multiple testing methods, to assess the significance of the treatment effect separately on the survival and the censoring process.
Motivation and overview from the literature
The main motivation for this paper comes from problems in applied research. Often a researcher's aim is to test the equality of two survival processes corresponding to two different therapies or treatments. A significant problem is that well-known methods, like the log-rank test, assume that censoring is non-informative. When informative censoring occurs, it is usually very difficult to model censoring patterns, which can be very complex. In addition, assuming non-informative censoring when it is not true, increases the risk of making wrong decisions. In this paper, we compare several methods which assume non-informative censoring with nonparametric combination tests that can work both with informative and non-informative censoring.
In this section, we briefly present the most widely used statistics for testing the equality of two survival processes based on independent randomly censored samples. We will refer to the survival process as the primary process and to the censoring process as the secondary process.
The different nonparametric approaches can be classified as asymptotic or, for finite sample sizes, as permutation procedures. In the framework of asymptotic nonparametric methods, several classes of tests may be recognized in the literature.
A first class is based on integrated-weighted comparisons of the estimated cumulative hazard functions in the two-sample design under the null and alternative hypotheses. These are based on the Nelson-Aalen estimator
hypotheses. An important consideration in applying this class of tests is the choice of weight function to be used. Weights are used to highlight certain parts of the survival curves under study. A variety of weight functions have been proposed in the literature and the related tests are more or less sensitive to early or late departures from the hypothesized relationship between the two hazard functions (as specified in the null hypothesis) according to the weight function used in the testing procedure. All these statistics are censored data generalizations of linear rank statistics. For instance, the most commonly used rank-based test statistic is the log-rank test proposed by Mantel, 3 Peto and Peto 4 and Cox; 5 it is a generalization of the exponential ordered score test of Savage 6 for censored data. This test statistic has good power when it comes to detecting differences in the hazard rates, when the ratio of hazard functions in the populations being compared is approximately constant. Gilbert, 7 Gehan 8 and Breslow 9 proposed a censored data generalization of the two-sample Wilcoxon-Mann-Whitney rank test (non-informative censoring). Peto and Peto 4 and Prentice et al. 10 proposed other generalizations of the Wilcoxon-Mann-Whitney test. They used a different estimate of the survival function based on the combined sample. Tarone and Ware   11 proposed a class of multi-sample statistics for right-censored survival data that includes the log-rank test and the censored data generalized Wilcoxon-Mann-Whitney procedures.
Fleming-Harrington 12 introduced a very general class of tests which includes, as special cases, the log-rank test and another version of the Wilcoxon-Mann-Whitney test. They use the Kaplan-Meier estimate of the survival function based on the combined sample at the previous event time. More recently Gaugler et al. 13 proposed a modified Fleming-Harrington test very similar to the original version which includes as a special case the PetoPeto and Kalbfleisch-Prentice tests. Here, the Peto-Peto and Kalbfleisch-Prentice estimate of the survival function is based on the pooled sample at the current event time. Jones and Crowley 14 introduced a more general class of single-covariate nonparametric tests for right-censored survival data that includes the Tarone-Ware two-sample class, the Cox 5 score test, the Tarone 15 and Jonckheere 16 C-sample trend statistics, the Brown et al. 17 modification of the Kendall rank statistic, Prentice's linear rank statistics, 10 O'Brien's logit rank statistic (1978) 18 and several new procedures. This class can be generalized to include the Tarone-Ware C-sample class.
The statistical properties of the aforementioned test statistics have been studied by many authors. Here we mention, among others, works by Gill, 19 Fleming and Harrington, 20 Breslow et al., 21 Fleming et al., 22 Lee, 23 Kosorok and Lin. 24 They are based on the weighted log-rank statistics
where j ¼ 1, 2 denote the groups, 0 5 t 1 5 Á Á Á 5 t D are D different observation times in the interval 0, ð (t D ¼ Þ, d ij is the number of primary events that occurred in the interval t iÀ1 , t i ð , t 0 0 andÊ d ij Â Ã is an estimate of its expected value. A variety of weight functions Wðt i Þ have been proposed in the literature (see Table 1 where r i is the number of individuals at risk at t i , i ¼ 1, . . . , D andŜð:Þ andSð:Þ are different estimates of the survival functions as shall be clarified in Section 4). We observe that the symbol is usually used for the terminal time, see e.g. the monograph of Andersen et al., 25 while in this work will be smaller than or equal to the terminal time. These tests are sensitive to alternatives of ordered hazard functions. 20 When they are applied to samples from populations where the hazard rates cross, they have little power because early positive differences in favour of one group are compensated by late differences in favour of the other treatment. A second class of procedures is based on the maximum of the sequential evaluation of the weighted log-rank tests at each event time. These procedures are known as ''Renyi-type'' statistics. Such tests are presumed to have 'good' power behaviour to detect crossing hazards. These supremum versions of the weighted log-rank tests were proposed by Gill 19 and are generalizations of the Kolmogorov-Smirnov statistic for comparing two censored data samples (non-informative censoring).
A third class of procedures is the weighted Kaplan-Meier (WKM) statistic based directly on integrated weighted comparisons of survival functions (rather than on ranks) in the two samples under the null and alternative hypotheses, based on the Kaplan-Meier estimator. This class of tests was initially proposed by Pepe and Fleming;
26-28 more recently Lee et al. 23 studied an integrated version of the WKM. Note that two other versions of these two statistics could be obtained by replacing the Kaplan-Meier estimators with the Peto-Peto and the Kalbfleisch-Prentice estimators. WKM statistics provide censored data generalizations of the two-sample z-or t-test statistic (non-informative censoring). Asymptotic distribution properties of the WKM statistics can be found in Pepe and Fleming 28 , Pepe and Fleming, 29 and Lee et al. 23 A fourth class of procedures is a censored data version of the Cramer-Von Mises statistics, based on the integrated squared difference between the two estimated cumulative hazard rates, based on the Nelson-Aalen estimator (non-informative censoring). This is done to obtain a limiting distribution which does not depend on the relationship between the event and censoring times and because such tests arise naturally from counting process theory. Small-sample and asymptotic distribution properties of three versions of this rank test statistic can be found in Koziol 30 and Schumacher.
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Finally, a further class of test statistics is a generalization of the two-sample median statistics for noninformative censored data, proposed by Brookmeyer and Crowley, 32 which is useful when we are interested in comparing the median survival times of the two samples rather than the difference in the hazard rate or the survival functions over time. Asymptotic distribution properties of the WKM statistics can be found in Brookmeyer and Crowley. 32 Other two-sample procedures have been suggested in the literature. The most recent works include a midrank unification of rank tests for exact, tied and censored data proposed by Hudgens and Satten, 33 a nonparametric procedure for use when the distribution of time to non-informative censoring depends on treatment group and survival time, proposed by DiRienzo, 34 an asymptotically valid C-sample test statistic (C ! 2) proposed by Heller and Venkatraman, 35 and the randomization-based log-rank test proposed by Zhang and Rosemberger. 36 Recent contributions include Wakounig et al. 37 which focuses on the nonparametric estimation of relative risk in survival tests.
Permutation tests in survival analysis
When asymptotic tests are used to compare survival functions, it is possible to find situations in which the number of failures of interest is so small that it is reasonable to question the validity of asymptotic tests. In such situations, the standard asymptotic log-rank test, for example, is frequently replaced by its corresponding log-rank permutation test -Galimberti and Valsecchi 38 and Callegaro et al. 39 This provides an exact small-sample test when the censoring patterns in the two compared populations are equal. In actual fact, when the censoring patterns are treatment dependent (i.e. informative), the observation pairs from the first population do not have the same distribution as those from the second. The failure of the asymptotic log-rank test is not only due to an inappropriate asymptotic approximation, which in turn can be replaced by an exact evaluation, but it is also due to ignoring the interdependency of the observed risk sets, that is the risk sets in the 2 Â 2 contingency tables associated with the D event times, as described in Heinze et al. 40 Furthermore, since the two group sizes may be unbalanced, the asymptotic test may not be appropriate as the asymptotic distributions under the null hypothesis may be too far away from being appropriate. Some authors, among whom Kellerer and Chmelevsky, 41 Chen and Gaylor, 42 Ali, 43 Soper and Tonkonoh, 44 proposed the so-called exact procedures. These provide exact small sample tests when the censoring patterns in the samples being compared are treatment independent.
In situations like these, permutation tests may be helpful. In this section, we give a brief description of methods that require extensive computation. In the survival analysis framework, we present a review of the most common two-sample permutation tests that have been suggested in the literature. The only necessary assumption is the independence across the individuals of the pairs of primary and secondary data.
There are three different unidimensional exact conditional procedures analogous to the asymptotic log-rank test and suitable for situations with treatment dependent (informative) censoring. The first method was proposed by Heimann and Neuhaus. 45 The other two were proposed in a work by Heinze et al. 40 Callegaro et al. 39 proposed an exact ''Renyi-type'' test suitable in case of treatment dependent censoring where it is assumed that, in the alternative hypothesis, treatment may also influence the censoring process, but without considering their joint effects. An interesting permutation contribution is given by Galimberti and Valsecchi 38 who introduced a permutation test to compare survival curves for non fixed-matched data when the number of strata increases, the stratum sizes are small, and the proportional hazard model is not satisfied.
It is worth mentioning some papers that can deal with different censoring distributions like Neuhaus 46 and Brendel et al. 47 (see also Janssen and Meyer 48 ) and also with competing risks (Dobler et al. 49 and subsequent papers). All these papers assume non-informative censoring. However, the first two apply a different, but also interesting permutation technique for survival data which is asymptotically unbiased while still being finitely exact if exchangeability holds.
The joint analysis of primary and secondary time processes, as both can contain information on treatment effects, is the main proposal of our paper.
Data structure
In a two-sample problem, the whole set of observed data can be summarized by the pair of associated matrices ðX, dÞ ðX, dÞ ¼ ½X mj ðtÞ, mj ðtÞ,
where ½X mj ðtÞ, mj ðtÞ is the event-time profile at time t of individual m in group j) We make the assumption that the two groups are independent and that the observations are exchangeable under the null hypothesis.
At time t for the m-th individual of the j-th group, the possible values of ðX mj ðtÞ, mj ðtÞÞ are . ð:, 0Þ when at time t the individual is still alive and had not left the study;
. ðx, 0Þ, x t when the individual died at time x (primary event);
. ðx, 1Þ, x t when the individual left the study at time x (censoring event).
In particular at the final time if the m-th individual of the j-th group is still alive and did not leave the study, the value of ðX mj ðtÞ, mj ðtÞÞ is ð, 1Þ, because this situation is equivalent to a censoring event that occurs at time .
Data in ðX, dÞ correspond to pooling two-sample data profiles of two groups with n 1 and n 2 individuals, respectively, classified according to two levels of a treatment. That is, ðX, dÞ ¼ ðX 1 
, where ] is the pooling operator to merge together two datasets and fðX j , d j Þg is
We also assume that the response variables in the two groups have unknown distributions P 1 ¼ P 1 Á P 1Xj and P 2 ¼ P 2 Á P 2Xj , (P j 2 P, where P is a possibly non specified nonparametric family of non-degenerate distributions) both defined on the same probability space (, A) where ¼ ðX, OÞ is the sample space, A is a -algebra of events and X and O are the sample spaces for data times X and censoring indicators , respectively. Hence, let ¼ ðX, OÞ be the support of the random vector ðX, dÞ and =ðX, dÞ the permutation sample space given ðX, dÞ. In this way, ðX , OÞ =ðX, dÞ is the orbit associated with the data set ðX, dÞ, that is the set of sufficient statistics under the null hypothesis associated with the observed data set ðX, dÞ, thus containing the set of all permutations ðX Ã , d Ã Þ. Further details on the orbits can be found in Pesarin and Salmaso. 50 In the permutation setting, let ðX j , d j Þ be the observed data set of n j elements related to the jth sample j ¼ 1, 2.
Let us also use ðX
n o to indicate a random sample of B elements from the permutation sample space =ðX, dÞ .
Comparison of survival curves
As frequently occurs in survival studies, time-to-event data are characterized by incompleteness due to censoring. In particular, right-censored data occur when the unobserved and unknown time to the event of interest is more than the recorded time for which an individual was under observation. For instance, subjects in a survival study can be lost to follow-up due to transfer to a non participating institution, or the study can finish before all the subjects have observed the event.
The focus here is the presence of complicated censoring patterns and, in particular, the type of censoring. In the right-censored survival data framework, censored data are usually assumed to originate from an underlying random process, which may or may not be related to treatment levels or to event processes. When we assume that the probability of a datum being censored does not depend on its unobserved value, then we may ignore this process and so need not specify it.
Nearly all statistical procedures for right-censored survival data are based on the assumption that censoring effects are, in a very specific sense, non-informative with respect to the distribution of survival time, i.e. unaffected by treatment levels. If the censoring distributions are equal, the censoring process does not depend on group, and observed values may be considered a random sub-sample of the complete data set. Thus, in these situations, it is appropriate to ignore the process that causes censored data when making inferences on X. Therefore, in the case of treatment independent censoring distribution, the process that causes censored data is called ignorable and analysis may be carried out conditionally on the actually observed data.
In contrast, when the censoring patterns are treatment dependent, the observation pairs from the first sample do not have the same distribution as those from the second sample, even when the null hypothesis on pure survival times is true. In the case of treatment dependent censoring distributions, in order to make valid inferences, the censored data process must be properly specified. Thus, the analysis of treatment dependent censoring data is much more complicated than that of treatment independent censoring data because inferences must be made by taking into consideration the data set as a whole and by specifying a proper model for the censoring pattern. In any case, the specification of a model which correctly represents the censored data process up to now seems the only way to remove the inferential bias caused by censoring.
In survival analysis, it is often of interest to test whether or not two survival time distributions are equal. We assume that observations are available on the failure times of n individuals assumed to behave independently. Focusing on the two independent sample case, researchers are often interested in comparing two therapies, two products, two processes, two treatments, etc. For the moment let us consider the case where only one response is of interest. The two samples are denoted by ðX 11 , . . . , X 1n 1 Þ and ðX 21 , . . . , X 2n 2 Þ, respectively. The X 0 1 s constitute a random sample from the random variable X 1 with CDF F 1 , and the X 0 2 s a random sample from X 2 with CDF F 2 . The testing problem is usually formulated as testing the null hypothesis H 0 :
We now move to the situation in which both primary and censoring events can occur. Let S j and K j denote the marginal distribution functions of the survival and censoring times corresponding to the individuals of the jth group, respectively, and let P j denote their joint distribution function, j ¼ 1, 2. As before ½0, is the time interval under study. The hypotheses of interest, in the case of non-informative censoring ðK 1 ¼ K 2 ¼ KÞ, are
where 56 ¼4 means either 5 , or 6 ¼ , or >. These hypotheses reflect the notion that if treatment has no effect, then two primary processes are equal, the secondary processes being equal by assumption.
In the case of treatment-dependent (informative) censoring, the hypotheses are
which reflects the notion that if treatment has no effect, then both primary and secondary processes are equal in two samples, whereas in the alternative, at least the primary or the secondary (or both) are not equal. If we assume that in the null hypothesis, where treatments have exactly the same effect, all pairs in (X, d) of event and censoring times are jointly exchangeable with respect to subjects and groups, then such multivariate testing problems are solvable by the nonparametric combination (NPC) of dependent permutation tests, as are the tests on main and censoring time events -Pesarin, 51 Pesarin and Salmaso. 50 It should be emphasized that the dependence structure between two processes in the alternative is too complicated to analyze, so we may only deal with it nonparametrically by NPC. NPC works within Roy's Union-Intersection principle. Thus, it is assumed that the hypotheses can be broken down into a set of sub-hypotheses, and the related partial tests are assumed to be marginally (i.e. separately, Pesarin 52 ) unbiased, significant for large values and consistent. Although some solutions presented in this chapter are exact, the most important ones are approximations because the permutation distributions of the test statistics are not exactly invariant with respect to permutations of censored data, as we shall see. However, the approximations are quite reasonably accurate in all situations, provided that the number of observed data is not too small. The approximation is due to the fact that we remove from the permutation sample space, associated with the whole data set, all those permutations where the permutation sample sizes of actually observed n-dimensional data are not large enough. In a way, similarly to the permutation analysis of missing data (see Section 7.9 of Pesarin and Salmaso 50 ), we must establish a kind of restriction on the permutation space, provided that this restriction does not imply unacceptable bias on inferential conclusions.
Nonparametric combination-based tests
In the framework of permutation methods, it is possible to consider an analysis approach incorporating two successive stages, the first focusing on the D observed distinct event times in the pooled sample, which can be considered partial aspects of the hypothesis testing problem giving rise to a list of partial tests, and the second focusing on the combination of these partial aspects into a global aspect.
Therefore, the NPC procedure for dependent tests may be viewed as a two-phase testing procedure. In the first phase, let us suppose that
is an appropriate univariate partial test statistic for the ith sub-hypothesis H 0i against H 1i , for which (without loss of generality) we assume that À i is non-degenerate, marginally or separately unbiased, consistent and that large values are significant, so that they are stochastically larger in H 1i than in H 0i in both conditional and unconditional senses. In the second phase, we construct the global test statistic either simply as When there is a more complex data configuration (where the more interesting cases are given by testing in the presence of stratification variables, closed-testing, multi-aspect testing, etc.), the NPC may be like a multi-phase procedure characterized by several intermediate combinations, where we may, for instance, firstly combine partial tests with respect to variables within each s stratum (with s ¼ 1, . . . , S), and then combine the second-order tests with respect to strata into a single third-order combined test.
Breaking down the hypotheses
It is generally of interest to test for the global (or overall) null hypothesis that the two groups have the same underlying distribution
against a one-sided (stochastic dominance) or a two-sided (inequality in distribution) global alternative hypothesis
Let us assume that under the null hypothesis, the data ðX, dÞ are jointly exchangeable with respect to the two groups. It is important to note that the pooled set of observed data ðX, dÞ in the null hypothesis is a set of jointly sufficient statistics for the underlying observed and censoring data processes. Moreover, H G 0 implies the exchangeability of individual data vectors with respect to groups, so that the permutation multivariate testing principle is properly applicable, Pesarin.
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The complexity of this testing problem is such that it is very difficult to find a single overall test statistic. However, the problem may be dealt with by means of the NPC of a set of dependent permutation tests.
Hence, we consider a set of D partial tests followed by their NPC. The overall null hypothesis can be written as
where a breakdown of H G 0 is emphasized according to the main theory of the nonparametric combination -Pesarin and Salmaso. 50 In fact a suitable way to decompose the overall null hypothesis is usually denoted by the union of the partial null hypotheses as in the Union-Intersection testing theory. The overall alternative hypothesis may be represented as
It should, however, be highlighted that at time t i , i ¼ 1, . . . , D either one main or one censoring event occurs, so the total number of active sub-hypotheses is exactly D. Hence, the hypothesis . . , D g, the ith component of which is the univariate partial test for the ith sub-hypothesis H 0i against H 1i . We assume that partial tests are non-degenerate, marginally unbiased, consistent, and significant for large values. Hence, the combined test is a function of D dependent partial tests and, of course, the combination must be nonparametric, particularly with regard to the underlying dependence relation structure, which is too complex to be analyzed by means of all its unknown coefficients of dependence. 
The test structure

NPC test for treatment independent censoring
In this section, we consider a multidimensional permutation test in the case of treatment independent censoring (TIC-NPC). This test, proposed by Callegaro et al., 39 is based on the assumption that censoring effects are noninformative with respect to the distribution of survival time.
In the present context, we are interested in testing the global null hypothesis
against the global alternative
If the censored data are treatment independent, we may proceed conditionally on the observed censoring indicator d and ignore H d 0 , because in this context d does not provide any information about treatment effects. Hence, we may equivalently write the null hypothesis in the relatively simpler form
The partial permutation test statistics for testing the sub-hypothesis H 1Xj 0i against the sub-alternative H 1Xj 1i then takes the form
Þ is the number of individuals that did not leave the study and are still alive at time t i and the suffix Ã means that the statistic has been computed using a random permutation of the sample. Note that each test statistic À 1Xj i is permutationally invariant, in mean value and variance, with respect to the sample size
Ã mj , that varies according to the random attribution of units to the two groups, because units with censoring data participate in the permutation mechanism as well as all other units. Also, note that when there are no censoring values, so that Ã j ¼ n j , j ¼ 1, 2, each partial test is permutationally equivalent to the traditional two-sample permutation test for comparison of locations.
In order for the given solution to be well-defined, we must assume that Ã 1 and Ã 2 are jointly positive. This implies that, in general, we must consider a sort of restricted permutation strategy which consists of discarding from the analysis all points of the permutation sample space ðX , OÞ =ðX, dÞ in which even a single component of the permutation matrix 1 Ã , of actual sample sizes of valid data, is zero. Of course, this kind of restriction has no effect on inferential conclusions.
Therefore, the survival analysis may be solved by NPC of
is the p-value function estimate for each À Ã i ðt i Þ and X is a suitable combining function . For details on different combining functions and related properties, we refer the reader to Pesarin and Salmaso. 50 Note that according to Rubin, 54 we may ignore the variable because in this context we have assumed that it does not provide any information on treatment effects.
NPC test for treatment dependent censoring
In this section, we introduce a permutation test in the case of treatment dependent censoring (or informative censoring).
As in the previous section, we are interested in testing the global null hypothesis
In the case of treatment dependent censoring, it is assumed that, in the alternative, treatment may also influence the censoring process. Then data X associated to the censored data process d must be taken into consideration. In fact, the treatment may affect both the distributions of variables X and the censoring indicator . Hence, in the case of a treatment-dependent censoring data model, the null hypothesis requires the joint distributional equality of the censored data processes in the two groups, giving rise to d, and of response data X conditional on d, i.e.
The assumed exchangeability, in the null hypothesis, of the n individual data vectors in ðX, dÞ, with respect to the two groups, implies that the treatment effects are null on all observed and unobserved variables. In other words, H 0 implies that there is no difference in distribution for the multivariate censoring indicator variables d j , j ¼ 1, 2, and, conditionally on d, for actually observed data X. As a consequence, it is not necessary to specify both the censored data process and the data distribution, provided that marginally unbiased permutation tests are available. In particular, it is not necessary to specify the dependence relation structure in ðX, dÞ because it is nonparametrically processed by the NPC.
In this framework, the global null and alternative hypotheses, as in Section 3.3, may be broken down into the D sub-hypotheses
where H indicates the equality in distribution of the ith component of X, conditional on d.
As before 0 5 t 1 5 t 2 5 Á Á Á 5 t D ¼ are the observed distinct times to event occurrences (primary and censoring events).
For each time t i , let r Ã 1i and r Ã 2i be the number of subjects at risk at the start of the ith period in a permutation of individual profiles
Let d Ã ji , and c Ã ji , j ¼ 1, 2, be the number of primary and censoring events, respectively, in two groups at ith
At this stage, in the spirit of Mantel-Cox, we may apply two test statistics (log-rank type) for primary and censoring events, respectively, followed by their NPC, that is
are the permutation means and 
ffiffiffiffiffiffiffi ffi V We also observe that the Anderson-Darling-type statistics are the sum of standardized statistics, while the Mantel-Cox-type statistics are the standardized sum of statistics.
If using weights w i , 1 i D, which can be different for primary and censoring events, the Mantel-
and the Anderson-Darling-type statistic T . . , w D Þ. The final step of this procedure is the combination of these partial tests according to NPC Theory -Pesarin and Salmaso. 50 
Simulation study
We set up a simulation study to compare the results obtained using different statistical tests. We analysed the NPC tests, the statistical tests described in Wakounig et al. 37 and those made available by the Proc Lifetest of SAS 55 under the assumption of non-informative censoring. We consider n ¼ n 1 þ n 2 individuals in the combined sample of two groups G 1 and G 2 where G 1 (G 2 ) has size n 1 (n 2 ). The data concerning primary events (or deaths
relevant data are the number of individuals at risk r i,j , the number of deaths d i,j and the number of censoring events c i,j in the period of time between t iÀ1 (exclusive) and t i (inclusive), being t 0 ¼ 0. This is equivalent to considering the time t i as time to event occurrences.
The data scheme is summarized in Table 2 , where r j,i , the number of individuals of group j at risk at time t i , is computed as the difference between r j,iÀ1 , the number of individuals of group j at risk at time t iÀ1 , and the number of primary and secondary events (d j,iÀ1 and c j,iÀ1 , respectively) which occurred between t iÀ1 (exclusive) and t i (inclusive) (3), it follows that r 1,1 ¼ n 1 , r 2,1 ¼ n 2 and r 1 ¼ n.
In this study, all the tests are based on the weighted log-rank type test statistics (Mantel-Cox)
where w j are weights which are defined as described in Table 3 ,
We useŜð:Þ to denote the Kaplan-Meier estimator of the survival function 
According to the approach implemented in the Proc Lifetest of SAS, 55 the p-value for the two-sided test is computed as 2ð1 À Èðjt obs jÞÞ where È is the cumulative distribution function of the standard normal distribution and jt obs j is the absolute value of the observed value of T D ðw 1 , . . . , w D Þ. The justification for using the normal distribution is that under H 0 and non-informative censoring, the statistic T D ðw 1 , . . . , w D Þ asymptotically follows a standard normal distribution. Working in the two-group situation, it is easy to see that Proc Lifetest computes pvalues as 1 À is the cumulative distribution function of the Chi-square distribution with one degree of freedom. It follows that the same p-values as those computed using jt obs j and the standard normal distribution are obtained.
Our goal is to compare the statistical tests described in Table 3 with those that can be obtained using NPCbased tests. As a test statistic for partial tests, we consider the log-rank type Mantel statistic which is obtained using all weights w i equal to 1. We used this statistic for both deaths (T MD ) and censoring events (T MC )
is the variance of the observed number of deaths (number of censoring events) in group G 1 . It is worth noting that the methodology can easily be extended to consider any of the statistics in Table 3 .
We can now summarize the steps of the NPC test procedure.
. We consider B random permutations of the pooled profiles ðX, dÞ. . We compute ð ðbÞ MD , ðbÞ MC Þ using the combination function É. In this work, we used Tippet ( T ) and Fisher ( F ) combination functions which are defined as
. We compute the p-value for both the Tippet (p MT ) and the Fisher (p MF ) combination functions
IðÀ log
. As the output of the NPC test procedure, we consider both the one-response p-values p MD (for deaths) and p MC (for censoring events) as well as the combined p-values p MT (using the Tippet combination function) and p MF (using the Fisher combination function).
Different scenarios
For primary events, we set up the same scenarios as those described in Wakounig et al., 37 see Figures 1 and 2 . We consider two groups with n 1 ¼ n 2 ¼ 40 individuals and 10 equispaced times 0 5 t 1 5 Á Á Á 5 t 10 ¼ 4 in the time interval ½0, ¼ 4
Survival times for group G 1 are drawn randomly from an exponential distribution with hazard function h 1 ðtÞ ¼ 0:5, while survival times for group G 2 are drawn randomly from distributions with hazard function h 2 ðtÞ defined as follows 
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Statistical Methods in Medical Research 27 (12) Each scenario has been considered under three different conditions of censoring events:
C 0,0 no censoring events, i.e. Pð mj ¼ 1Þ ¼ 0 8m, j. C 10,10 probability of censoring events equal to 10% for both G 1 and G 2 (non-informative censoring), i.e Pð mj ¼ 1Þ ¼ 0:10 8m, j. C 8,2 probability of censoring events equal to 8% for G 1 and equal to 2% for G 2 (informative censoring), i.e.
Pð m1 ¼ 1Þ ¼ 0:08, Pð m2 ¼ 1Þ ¼ 0:02 8m.
It follows that we considered a total of 15 scenarios s ¼ ðs 1 , s 2 Þ with s 1 2 fA, B, C, D, Eg and s 2 2 fC 0,0 , C 10,10 , C 8,2 g. For each scenario, we ran N ¼ 1000 simulations. In Section 4.6, we consider five further scenarios that are inspired by one of the real examples that we will study in Section 5.
We observe that in the 10 scenarios s ¼ ðs 1 , s 2 Þ with s 1 2 fA, B, C, D, Eg and s 2 2 fC 0,0 , C 10,10 g, we have no censoring or non-informative censoring. In these circumstances, the comparison between NPC and the other tests is fair. In the remaining scenarios, censoring is informative and all the tests, except NPC, should not be used. We use them mainly to show the risks that occur when a test suitable for non-informative censoring is used when censoring is informative.
The simulation data have been generated according to the procedure below, considering the generic interval
As the first step of the procedure, we simulate censoring events. For each individual at risk at time t iÀ1 , we consider the Bernoulli random variable C mj $ Bernoulli Pð mj ¼ 1Þ À Á and, using a function which generates random numbers from a specified distribution, we make a virtual experiment. If we get C mj ¼ 1, the individual is censored. If a censoring event does not occur (i.e. C mj ¼ 0), we simulate a primary event. We compute
where F j ðtÞ ¼ 1 À expðÀ R t 0 h j ðsÞdsÞ, j ¼ 1, 2. We consider the Bernoulli random variable D mj $ Bernoulli mj,i
À Á
and as before using a function which generates random numbers from a specified distribution, we perform a virtual experiment. If we get D mj,i ¼ 1, a primary event has occurred to the m-th individual of the j-th group in the time interval ðt iÀ1 , t i . Otherwise the m-th individual of the j-th group will be considered to be at risk in the next time interval ðt i , t iþ1 .
Results
For each scenario s and for each simulation, we follow the following steps:
(1) We compute all the test statistics listed in Table 3 . We use T Q to denote one of these statistics. In the interest of saving space and of facilitating the comparison among all the tests, we define a global score for each test and for each scenario and we report the observed values of power/size in the tables of Section A.
In the scenarios for which the null hypothesis is not true, a test is good when, for a given , the achieved alpha is large, which means that the p-values computed in the different simulations are often less than the nominal ; in other words, the null hypothesis is often rejected. The scenarios for which the null hypothesis is not true are fðs 1 , s 2 Þ : s 1 2 fA, B, C, Eg, s 2 2 fC 0,0 , C 10,10 , C 8,2 gg and ðD, C 8,2 Þ. We observe that for the ðD, C 8,2 Þ scenario, the null hypothesis is not true since the distributions of the censoring events are different. In these cases, we proceed as follows: For each primary-event scenario s 1 and for each nominal k , we compute the maximum m . This interval has been defined to mitigate the effect of simulations. By definition, the scores are between 0 and 1. Finally, as a global measure of the performance of method Q, we also compute an average score g Q as the geometric mean of the scores obtained in each single primary-event scenario.
On the other hand, in the scenarios for which the null hypothesis is true, a test is good when, for a given , the achieved alpha is close to the nominal . The scenarios for which the null hypothesis is true are ðD, C 0,0 Þ and ðD, C 10,10 Þ. For each test Q, we compute the error statistic e Q defined as the quadratic mean of the differences between the observed o Q,k and the nominal k e Q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 99
4.3 Scenarios ðs 1 , C 8,2 Þ; informative censoring
First we consider the primary-event scenarios A, B, C, D and E when the probability of censoring events is different. We observe that in this case, the scenario D does not correspond to the null hypothesis. As can be seen in Figure 3 , NPC tests perform better than all the other competitors. The scores are reported in Table 4 . The last column shows the global score g Q . We see that the NPC tests are the best test procedures with a global score equal to 0.95 (Tippet combination function) and 0.96 (Fisher combination function). All the other tests', global score is no higher than 0.40. We also observe that for scenarios A, B, C, D and E, the NPC scores are the highest. It is worth noting that univariate permutation tests considered as separate tests are not as good as the NPC tests in detecting the difference between the two groups (their global scores are 0.40 and 0.61 respectively against 0.95 and 0.96 of the NPC tests).
Scenario ðs 1 , C 10,10 Þ; non-informative censoring
We now consider the primary-event scenarios A, B, C, D and E when the probability of censoring events is equal. As we can see from the scores in Table 5 , NPC tests perform very well in scenarios A, C and E (Tippet scores are always greater than 0.92). In scenario B, Tippet and Fisher NPC tests get 0.70 and 0.69, respectively, which is good but not excellent. In this case, the univariate permutation test performs very well, getting a score of 0.90. This provides a practical guideline and suggests the univariate tests could be very useful in some situations.
With respect to the ðD, C 10,10 Þ scenario, which corresponds to the null hypothesis, we observe that all the tests perform quite well, with the error statistic e Q less than 1.4%, as we can see in Table 6. 4.5 Scenario ðs 1 , C 0,0 Þ; no censoring In this scenario, there are no censoring events (formally the only censoring events will occur at the end of the study i.e. at time ). It follows that the permutation test on the primary events and the NPC tests all give exactly the same result, i.e. p MD ¼ p MT ¼ p MF (p MC is not computed). As Table 7 shows, the permutation tests perform very well in scenarios A, B, C and E (the total score is 0.96).
We also observe that all the tests perform well under the null hypothesis (scenario D) with e Q always less than 1.7% (see Table 8 ).
4.6 Scenario (s 1 , C dog ); censoring similar to the 'Cancer in dogs' case
We conclude this section with the study of five further scenarios inspired by one of the real examples discussed in Section 5 (the 'Cancer in dogs' case). More precisely, we consider two groups with different sizes, i.e. n 1 ¼ 20 and n 2 ¼ 40 individuals. Then for each primary-event scenario s 1 2 fA, B, C, D, Eg, we generate censoring events with probabilities p i which are different in the 10 time intervals t iÀ1 , t i ð , i ¼ 1, . . . , 10, t 0 ¼ 0 and also different for the two groups. These probabilities are approximately the same as those observed in the 'Cancer in dogs' real case and are reported in Table 9 .
We obtain the scores which are detailed in Table 10 .
As for scenarios ðs 1 , C 8,2 Þ, the NPC tests display very good behaviour. Table 6 . e Q statistics for non-informative censoring, see equation (6) 
Real examples
We work on two real cases for which the data are publicly available. These examples are also studied in Wakounig et al. 37 The data sets are:
( The product-limit survival estimates for the two cases are shown in Figures 4 and 5 . The p-values resulting from all the tests under study are shown in Table 11 .
From Table 11 , we observe that for the 'Primary biliary cirrhosis' data set all the p-values, apart from the one corresponding to the permutation test on censoring events (p-value ¼ 0.736), are almost zero. With the aim of further investigating the reason why the null hypothesis is rejected, we can consider the permutation tests on primary and censoring events. The original unadjusted p-values and the adjusted p-values that have been computed to take into account multiple testing issues are reported in Table 12 . We observe that the censoring looks non-informative and the difference between the groups appears to be related to the different behaviour of the patients in terms of endpoint. The empirical cumulative distribution function of the censoring events is drawn in Figure 6 .
For the 'Cancer in dogs' data set, all the p-values apart from those corresponding to the Wilcoxon/Breslow and Tarone-Ware tests are less than 5%. From Table 13 , we observe that the censoring looks informative, in that it depends on the treatment effect while the difference for primary events is only weakly significant (adjusted p-values less than 10% but greater than 5%). The empirical cumulative distribution function of the censoring events is drawn in Figure 7 .
In this case, it is worth noting that p-values of combined tests (NPC Fisher and NPC Tippet) are much lower than p-values of other tests because tests on censoring provide additional information related to differences between groups. This feature, i.e. the possibility to add a test on censoring, is only possible using our proposed approach.
Finally, we observe that real-life examples, where the primary event can occur due to causes unrelated to the disease under study, suggest an extension of our solution to competing risks, see Dobler et al. 49 and subsequent papers. 
Conclusion
Our simulation study covered a wide range of interesting scenarios for both primary and censoring events (15 different scenarios in total). The scenarios for primary events (A, B, C, D and E) are exactly the same as those studied by Wakounig et al. 37 We analysed the NPC tests, the weighted log-rank tests described in Wakounig et al. 37 and those made available by the Proc Lifetest of SAS. 55 In relation to informative censoring, NPC tests showed very good behaviour. Their power was more than two times that of the other competitors for all the primary event scenarios.
NPC tests also performed very well in the presence of non-informative censoring or no censoring. In only one situation (primary event scenario B and non-informative censoring) did the combined test's performance decrease. In such a situation, only a test for primary events should be adopted.
In summary, we believe these noticeable results establish our NPC testing method as the standard for the analysis of survival processes. Indeed, it generally behaves at least as well as the best traditional tests when censoring is assumed to be non-informative, and where traditional tests are specialized. Moreover, its behaviour generally increases in power when both primary and secondary aspects are present. In this framework, using multiple testing techniques, NPC makes it possible to test which aspect is significant, if any, while controlling the family-wise error, thus providing a more comprehensive answer than traditional tests.
It is worth noting that all presented NPC tests can easily be extended to multivariate problems by combining multiple endpoints with the same fashion as for primary and censoring events. We are also hopeful that it is possible to extend them to competing risk models.
Declaration of conflicting interests
The author(s) declared no potential conflicts of interest with respect to the research, authorship, and/or publication of this article.
Funding
The author(s) received no financial support for the research, authorship, and/or publication of this article. 
